Abstract. We study the dynamics of an initially thermalized spin chain in the quantum XY-model, after sudden coupling to a heat bath of lower temperature at one end of the chain. In the semi-classical limit we see an exponential decay of the system-bath heatflux by exact solution of the reduced dynamics. In the full quantum description however, we numerically find the heatflux to reach intermediate plateaus where it is approximately constant -a phenomenon that we attribute to the finite speed of heat transport via spin waves.
Introduction
If a hot rod is brought in contact with a cold reservoir at one of its ends we expect to see a continuous flow of heat through the boundary until thermal equilibrium is reached. According to our everyday experience, this flux should be proportional to the temperature gradient, implying that it decays exponentially. Not so in the quantum world, where the diffusive character of heat transport, described by Fourier's law, breaks down. On scales up to the free path of phonons, heat transfer is expected to be nondiffusive. Instead, one observes ballistic transport [1] , dominated by a macroscopic drift motion of the phonons, and wave-like [2, 3] phenomena, also referred to as "second sound", since they show various sound-like features, including a finite propagation velocity, interference phenomena, and reflection at the boundaries of the system [4] .
In the past, these effects were only found at extremely low temperatures in superfluid Helium [5] and some crystals [6, 7] , but recent developements [8, 9] show that nanoscale materials open the way to their observation at high temperatures. Meanwhile, the theory of non-diffusive transport is usually based on consideration of steady state hydrodynamics [10, 11] or constant temperature quantum statistics [12] , leaving unanswered the question to what extent ballistic and wave-like phenomena influence relaxation and thermalization. To study such processes, one has to resort to master equation descriptions, derived in the context of open quantum systems which is, in general, a challenging task. For example, it has been shown [13] that for phonon baths a semi-classical Markovian description of the problem is not sufficient. Instead one has to take the explicit evolution of quantum phases into account and resort to either coarsegraining methods [14] or compensate for a short timespan of non Markovian dynamics [15, 16] . Many questions are still open. Does non-diffusive heat transfer appear in any type of small quantum systems? How does it interact with other features of the system, for example quantum phase transitions? How relevant is the dimension of the system? Is it possible to understand the crossover from the quantum to the macroscopic classical behavior?
In this paper we investigate non-diffusive heat transport in a one-dimensional isotropic quantum XY spin chain. This system was chosen because it is simple, well understood, and can also be solved analytically [17, 18] . Moreover, quantum spin chains are known to exhibit spin waves [19] , which can be expected to serve as a natural carrier of heat. Although the XY chain does not exhibit a phase transition at finite temperature, its ground state shows a quantum, i.e., zero temperature, phase transition from superfluid to Mott insulating behaviour if the nearest-neighbor interaction is weak enough [18] . In addition, the impact of ballistic transport is expected to be particularly strong in 1D systems [20] . For this reason the chosen model is an excellent candidate for the study of non-conventional heat transport.
We start with the definition of the model and a short summary of known techniques and results in Section 2. Our main results are derived and presented in Section 3, where we compare different approximation schemes. The paper ends with a discussion in Section 4. Mathematical details are given in the appendices.
The Model

System Hamiltonian
We consider the isotropic XY-model for a chain of N spin- 1 2 particles in an external field, defined by the Hamiltonian
where
(σ x ± iσ y ) are the spin raising and lowering operators. Following standard techniques [18] , we perform a Jordan-Wigner and Fourier transformation to define the anticommuting (fermionic) fields
so that the Hamiltonian attains the diagonal form
Perturbative master equation
We now modify the Hamiltonian to couple the first site to an external heat bath via
where H B is the bath Hamiltonian and B acts exclusively on the bath. Assuming a weak coupling B 1 as well as a factorizing initial state ρ tot (0) = ρ(0) ⊗ ρ B and some technicalities [21] , we can use second order perturbation theory to obtain the effective master equation
is the bath auto-correlation function.
In order to simplify the computation of the interaction term
follow [13, 14, 22] and switch to the energy eigenbasis
with k a ∈ {0, 1}. Introducing the incomplete bath spectral function
and, for the sake of brevity, the notations
we can rewrite the above master equation as
with the relaxation generator
and the lamb-shift Hamiltonians
A detailed derivation of eqs. (4) -(6) can be found in Appendix A.
Approximating the incomplete bath spectral function
To compute the reduced system dynamics, described by eq. (4), one needs information about the heat bath, encoded in C(t). As was recently shown in [23] , a bath exhibiting quantum chaos can be effectively described by the spectrum
where λ ∝ B is the coupling strength, β ≡ β bath is the inverse bath temperature, and σ is the inverse decay-timescale of self correlations. To calculate
we use
and the residue theorem around the pole (7) where
is the (lower) regularized gamma function. Provided that |2ω − βσ 2 |/σ is not too large, we can truncate eq. (7) at small n and still obtain reasonable results. For the rest of this paper, we choose n = 2, as higher orders do not seem to cause notable differences.
Concatenation scheme and secular approximation
Because of the explicit time dependence of Γ t , the master equation (4) is not local in time. If however the correlation function C(t) decays reasonably fast, we can replace Γ t → Γ ∞ in the long time limit, yielding the Redfield equation [21] . This procedure, called Markov approximation, is known to be invalid for short times, since, in general, it violates complete positivity [15] . To circumvent this problem, we will therefore use the concatenation scheme [16] of switching from Γ t to Γ ∞ at the transition from nonMarkovian to Markovian dynamics, i.e., when C(t) has decayed to an irrelevant value.
In order to see which features of the system are genuinely quantum, we will compare the concatenation scheme with the so called secular approximation [13] , a semi-classical approximation with Markovian dynamics on all timescales which is known to guarantee complete positivity [24] . To this end, note that we can transform eq. (4) into the interaction picture, just by dropping the system Hamiltonian and introducing a phase factor of e −i(s ka ωa−sm b ω b )t in each summand of eq. (5) and similarly in eq. (6) . Now, since all terms that oscillate at the rate ω a ± ω b of the system's transitions should vanish in the limit → 0, we use a coarse graining approach and replace (5) and (6), respectively. As we will see in the next section, the secular approximation yields results that differ strongly from those of the concatenation scheme -a phenomenon that is well-known for phonon baths [13] and generally expected in systems where internal and relaxation timescales are comparable.
Results
Exponential relaxation in the secular approximation
To compute the dynamics of the system in the secular approximation, let us consider the limit of strong coarse graining W (ω − ω ) → δ ω,ω in the Markovian (Γ t → Γ ∞ ) version of eq. (4): Since the dispersion relation is non-degenerate, we find that the diagonal elements ρ kk ≡ k|ρ|k decouple from the other ones, yielding the rate equations
We can solve them analytically by means of a normalized product ansatz
i.e., exponential relaxation to a steady state which is thermal iff the Kubo-MartinSchwinger condition γ(ω) = e βω γ(−ω) holds [25, 14] .
We proceed to calculate the system-bath heatflux
shown as dashed lines in fig. 1 . We see that the heatflux decays exponentially, the timescale being bounded by τ (N +1)/2 and τ 1 , i.e., exp −2t
Concatenation scheme numerics and heat transport by spin waves
In order to find out how quantum effects cause deviations from the results of the last subsection, we will now solve the concatenation scheme master equation (4) numerically.
To this end, note that Γ t , as given by eq. (7), attains an approximately constant value for t √ 2nσ 1, with n = 2 being the order of approximation. Hence, we can safely , according to the concatenation scheme (solid) and the secular approximation (dashed). In the former we switch to the Markov approximation at t = t sw . The initial state is maximally mixed (β sys,0 = 0), the chain length is N = 3, 5, 7 (from bottom to top), and other parameters are h = 1, j = 2, σ = 2.5, β bath = 0.8, λ = 0.4. The leading exponential decay in the secular approximation is shown in the inset.
switch from the non-Markovian generator and lamb shift Hamiltonians, as described by eqns. (5) and (6), to their Markovian form with Γ t → Γ ∞ at t sw = 3.5 σ . In both cases, we use an ordinary Runge-Kutta iteration of order 4 with adaptive step size. The initial state is taken to be maximally mixed, i.e., thermal with β sys,0 = 0.
As can be seen in fig. 1 as solid lines, the resulting heatflux J increases rapidly due to buildup of correlations with the bath until it saturates (similar results were found in [15] for the population in a two level system). Once saturated, J remains approximately constant for a timespan roughly proportional to the chain length N , before it decreases to another saturated level. This process repeats itself, getting smeared out at late times in sufficiently long chains. These observations can be made in a wide range of parameters, regardless of the ground state structure given by the specific field strength |h/j| 1. We argue that this behaviour is caused by the finite speed of heat transport due to spin waves.
To see this, consider the local magnetization σ z n ρ(t) , depicted as solid lines in fig. 2(a) . Shortly after the system is brought in contact with the bath, the first site cools down, transferring heat into the bath and aligning itself with the external field. After it reaches a certain threshold, it acts purely as a coupling between the bath and the rest of the chain and the same process is repeated between the first and the second site -the result being a superposition of spin waves travelling through the chain, which are reflected at the end. As soon as the wave-packet returns to the bath however, the magnetization of the first site will surpass its previous value, causing the heatflux to drop, and reflect again. Again, this phenomenon gets smeared out by dispersion at late times and does not exist in the secular approximation (dashed lines in fig. 2(a) ). 
Unitary dynamics of a single spin flip
To better understand the propagation of the aforementioned spin waves, let us replace the effect of the heat bath by a single spin flip at site 1 and study the resulting behaviour. This allows us to derive an analytic expression for the dynamical expectation values
which describe the time-dependent response of the local magnetization at site n in eigenstate |k . A straightforward but lengthy calculation, which can be found in Appendix B, shows that
In contrast to the preceeding subsections, we will now assume that the system's state initially describes a canonical ensemble
at a finite inverse temperature β ≡ β sys,0 > 0, since a single spin flip does not alter a fully mixed ensemble at infinite temperature. This amounts to the replacement
in the above expression, causing the sum to factor into Plots of ∆ z ρ (n, t) and the normalized high temperature limit lim β→0
can be found in figs. 2(b) and 3(a), respectively. We clearly see that the spin waves, excited by a single flip at site 1, travel at the same speed as the change in local magnetization, excited by quenched cooling. Note also that, due to dispersion, the behaviour gets increasingly chaotic at late times. This confirms our expectation that heat transport is related to spin wave propagation.
In the thermodynamic limit N → ∞, we substitute ω a ≡ h + jx and find Note that, in this limit, the nearest neighbour coupling j and the external field h only amount to a rescaling of time and temperature, respectively. A plot of eq. (13) is shown in fig. 3(b) . As expected, the response is described by a dispersion wave crest travelling along the chain without reflection.
On the other hand, in the low temperature regime β → ∞, we have
da cos tj cos a − π 4 sin(a) sin(na) (14) with ζ ≡ arcsin min 1, . We therefore expect the dynamics in this regime to be largely temperature independent.
Discussion
In this paper we have studied the response of a one-dimensional isotropic quantum XY chain at finite and infinite temperature to a sudden quenched cooling at one of its boundaries. As expected, it turned out that heat is transported by spin waves at a finite velocity. These spin waves exhibit sound-like features, such as reflection and interference. However, spin waves travelling over longer distances loose their integrity, leading eventually to a chaotic behavior which qualitatively explains the crossover to a diffusive type of heat transport.
As an important result, we find that non-diffusive transport is present at a wide range of interaction strengths, regardless of the ground state being superfluid or Mott-insulating. This is plausible since spin waves occur in both phases.
Moreover, the present work confirms that an accurate master equation description of non-diffusive heat transfer requires a non-Markovian description at short times. Although the dynamics is Markovian at later times, one still has to keep track of the quantum-mechanical phases. To see this, we have also studied the Markovian semiclassical limit, given by the secular approximation, where non-trivial features are lost.
Finally, our study demonstrates that quantum spin chains are suitable candidates for a theoretical study of quantum heat transport. It would be interesting to investigate other systems and situations, in order to access the robustness of the observed phenomenaespecially in higher dimensions, where ballistic and wave-like transport are only observed under special conditions. × sin πna N + 1 sin πnb N + 1
Since the first term 2 N + 1 a sin 2 πna N + 1
is just the local magnetization of the unperturbed state, we obtain eq. (11).
